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Abstract 

Starting with the work of Lapidus and van Frankenhuysen a number of 
papers have introduced zeta functions as a way of capturing multifractal 
information. In this paper we propose a new multifractal zeta function 
and show that under certain conditions the abscissa of convergence yields 
the Hausdorff multifractal spectrum for a class of measures. 



1 Introduction 

1.1 Cookie cutter sets and multifractal analysis 

Wc begin by giving an overview of cookie cutter sets and multifractal analysis. 
The following is taken from [3]. Let T : [0, 1] -> R be such that T _1 ([0, 1]) is 
the disjoint union of finitely many closed intervals 1^, . . . , l\ , where each I\ is 
mapped bijectively onto [0, 1]. We denote the components of T~ n ([Q, 1]) by I l n 
and refer to these sets as the n-th level basic sets or as the basic sets of order 
n. We assume that T is C 1+e on the components of T _1 ([0, 1]) and \T'{x)\ > 1 
for all x G T~ 1 ([0, 1]). The set of interest is the repeller 



A = jir e [0, 1] : T n (x) for all n G Z 4 

or equivalently 



i=l 



A= f|T-»([0,l]). 

n=0 

We call A the cookie cutter set generated by the map T. In this case, the 
Hausdorff dimension of A is the unique S £ R such that 

P(-<51og|T'|) = 0, (1) 

where P(-) is the pressure functional. In what follows 5 will denote the Hausdorff 
dimension of A and tj> will denote the function — log \T'\. 

Let fi be a measure supported on A, given x £ A the local dimension of \i at 
x G A is given by 

A . i \ v IgSMCgrCg)) 
dim loc ^(a;) = hm , 

r^Q logr 

when the limit exists. Here B r (x) denotes the open ball of radius r centred at 
x. For a > 0, we define 

E a — {x G A : dimi oc /z(a;) = a}, 
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and the Hausdorff multifractal spectrum of ji to be the function / H (a) = 
dimn(E a ). In what follows S a will denote dimn(E a ). 

Example 1.1. This example is taken from [2]. Let A be the middle third cantor 
set and \x be the pushforward of the (p, 1—p) Bernoulli measure on {0, 1} Z+ . // 
p 1/2, then dimi oc yit(a;) is non-constant. 

Given an n-th level basic set P n , the regularity of P n is defined to be 

logM(4) 



log \Ii 



The regularity tells us how a measure is concentrated on a basic set. The 
advantage of taking the regularity is it is easy to compute, the disadvantage is 
that it gives us less detailed information than the local dimension. 

Let P t be any disjoint partition of [0, 1] into intervals of the form [a, a + e), 
we define 

Se(q) = £ Kl) q and r(q) = liminf l °f^ q \ ( 2 ) 

where P* consists of those elements in P e satisfying fj,(I) > 0. The Legendre 
transform of r(q) is defined to be 

f(a) = inf {r(q) + aq}. 

— oo<q<oo 

The significance of S e (q) and r(q) is that under certain conditions the Legendre 
transform of r(q) is the Hausdorff multifractal spectrum of \x. 



1.2 Geometric and Multifractal zeta functions 

In this section we introduce our multifractal zeta function. Before we do this, 
we provide some motivation by reviewing the zeta functions proposed in [7],[l] 
and 

Let ft — [0, 1] \ A, then f2 = U|2. 1 ij where {Ij}°Z 1 is a countable collection 
of disjoint intervals. In [7], the geometric zeta function of f2 is defined to be 

oo 

Cn( S )=El^'l S ' ( 3 ) 

3=1 

whenever this series converges. The following theorem holds. 

Theorem 1.2. The Minkowski dimension of A equals the abscissa of conver- 
gence o/£n(s). Under certain conditions (see Theorem 6.12), the Minkowski 
measurability of A is equivalent to Cfi(s) having only one pole with real part equal 
to the Minkowski dimension of A, and furthermore this pole is simple. 

We remark that Theorem 11.21 holds in greater generality, however for our 
purposes the above weaker statement in sufficient. 

In [T], the authors define a multifractal zeta function as follows. Let /i be 
a measure on [0, 1] and B = (P n )'%L 1 be a sequence of partitions P n — {P^} 
of [0,1] with diameters tending to zero. Here a partition consists of a finite 
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disjoint collection of intervals with positive length. The partition zeta function 
corresponding to regularity a is defined to be 



n=l i:R(P^)=a 

whenever this series converges. Suppose fj, is a self similar measure for some IFS. 
When 23 is the natural sequence of partitions defined by the IFS the abscissa of 
convergence yields multifractal information. See also [6] and [8] . 

In [5] , Levy-Vehel and Mendivil also define a multifractal zeta function. Let \i 
be a measure on [0, 1] and (P n )^Li be a sequence of disjoint interval partitions 
of [0, 1] with diameters tending to zero. The multifractal zeta function for \i 
based on the sequence of partitions (P n )^ =1 is defined to be 

c(M=£ E mw, 

n l£P* 

for all (q, s) G M 2 such that this series converges. Here P* consists of those 
I € P n such that fx(I) > 0. It is shown that r(q) = — inf{s : ((q, s) < oo} for 
all geR, where r(q) is as in @. 

We now define our own multifractal zeta function. 

Definition 1.3. Let A be a cookie-cutter set and fj, be a measure supported on 
A. We define the multifractal zeta function of regularity a to be 



= E E 



n=l i 

a l- f il Q <M(4)<6|4l Q 

whenever this series converges. 

Here a and b are two fixed but arbitrary positive constants. For each a, the 
function attempts to capture information about those basic sets whose regular- 
ity is approximately a. This approach is similar to that proposed in pQ, the 
difference being sums over sets that display an exact regularity. For suitable 
measures the function will give interesting information for values of a lying in 
an interval. This is in contrast to the regularity which takes only countably 
many values. 

Our multifractal zeta function is defined for a general measure fj, supported 
on A. In what follows we shall restrict our attention to a certain class of measures 
called Gibbs measures. If -0 : A — >• R is a Holder continuous function then the 
Gibbs measure of ip is defined to be the unique T-invariant probability measure 
H satisfying 

c < w ( y P < d, (4) 

for all x £ P n and for constants C, D > and P depending only on ip. Here 
P = P(ip) where P(-) is the pressure functional and 

i) n {x) = i)(x) + 4>(T(x)) + ■■■ + %l){T n ^ 1 {x)). 

In what follows we shall use fi^ to denote the Gibbs measure of ip. For a general 
Holder continuous function -0, if we let if>' — if> — P{ip) then ji^i = [i^ and by ((H) 



3 



P(ip') = 0. Clearly the Gibbs measure of any Holder continuous function ip is 
also the Gibbs measure of a Holder continuous function ip' satisfying P(ip') = 0. 
For the rest of this paper we assume that /j, in Definition ll.3l is the Gibbs measure 
of some Holder continuous function ip and without loss of generality we assume 
that P{ip) = 0. 

The following sets will be important in the study of Ca* 



and 



ip — aip dfJ, : fJ, is a T- invariant probability measure 



TZ = {a : G l a }. 



It is clear that I a is a closed interval. If a ^ TZ then the following theorem 
holds. 

Theorem 1.4. If a ^ TZ, then C^* is entire. 

Proof. Suppose a £ TZ, then there exists e > such that | J ip — a(pd^i\ > e, 
for all T-invariant probability measures. Suppose there exists infinitely many 
basic sets satisfying a\P n \ a < < H^nT- By a simple argument this implies 

that there exists an interval [c,d] and infinitely many x such that T n (x) = x and 
ip n (x) — ct(f) n (x) G [c, d]. It follows that there exists x such that T n (x) = x and 
| J ip ~ OL<f>d\i x ^ n \ < e, a contradiction. Here n x ,n is the T-invariant probability 
measure determined by the periodic orbit {x, T(x), . . . , T n ~ 1 (x)}. It follows that 
there exist only finitely many intervals satisfying a|/^| a < < b\I^\ a and 

Ca'* is entire. □ 

For our purposes it is necessary to introduce the following technical condi- 
tion. 

Definition 1.5. We say that T and [i^ satisfy Condition A if ip — acp is not 
cohomologous to zero for all a G TZ. 

Two functions /, g G C(A, R) are cohomologous if there exists h G C(A, R) 
such that / = g + h oT - h. Moreover, Condition A is equivalent to fj,<p ^ /isif>- 
Condition A also ensures that X a is a non-trivial interval for all a G TZ and that 
there exists a for which G int(I Q ). 

Our main results are Theorems 11.61 and 11.71 



Theorem 1.6. If T and fi^p satisfy Condition A and a is such that G int(X Q ), 
then for a G R 

limsupCa*(o-)(cr - S a ) 1/2 < 00, 

and if b — a is sufficiently large the abscissa of convergence is S a and 
liminfC^^)^-^) 172 >0. 

In the case where Condition A fails the following theorem holds. 

Theorem 1.7. Suppose ip — acp is cohomologous to zero. Then a — S and for 
a' ^ S, C Q / is entire. Moreover, dimi oc /x^, (x) = S for all x G A, and if a is 
sufficiently small and b is sufficiently large, then (s) — Y^Li Si \^n\ S ■ ^ n 
this case the abscissa of convergence is S. 
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To prove Theorem ll.Gl we introduce a new class of zeta function. These func- 
tions can be rewritten in terms of transfer operators, whose spectral properties 
can then be exploited. After proving results for these functions, Theorem 11.61 
will follow by approximation arguments. In section 4 we attempt to find esti- 
mates for the limits given in Theorem 1 1 . 61 that are in some sense optimal. Under 
a stronger hypothesis we can obtain optimal estimates. The proof of Theorem 
II .71 will be given in section 5 and a discussion of the case where is an endpoint 
of X a will be given in section 6. 

1.3 Ergodic Theory 

We will recall several results from Ergodic Theory needed in our subsequent 
analysis. Let E^" = {x = {x n )^ =0 e {1, . . . , k} z+ } and a : E^ ->• E^ denote the 
usual shift map. We define a metric on E^" by d(x, y) — 2~ n ( x > v \ where n(x, y) = 
inf{n £ Z + : x n ^ y n }- We can construct a bijective Holder continuous map 
7r : Si" — > A with Holder continuous inverse such that n o a = Ton. The 
following results are presented in [IT] in the setting of shifts of finite type. The 
existence of the map tt allows us to translate them to T : A —> A. 

Let C^(A,C) denote the space of Holder continuous functions with exponent 
/?. We define a norm on C^(A,C) by \\ip\\p = HV'lloo + 1^1/3) where Halloo = 
sup{\tp(x)\ : x £ A} and \tp\p = sup x yeA ^ y { '^Jj^ 1 }■ with tnis norm 
C^(A, C) is a Banach space. 

Definition 1.8. Lettp £ C"(A,C), we define the Ruelle operator L ^ : C(A, C) — > 
C(A,C) by _ 

(L^w)(y)= ^w{x). 

x:Tx=y 

L^p is a bounded linear operator. 

The following fundamental theorem holds. 

Theorem 1.9. Let tp £ C@(A, C) be real valued, then is a bounded linear 
operator on C"(A, C). There is a simple maximal positive eigenvalue Ay, of 
Ly, : C°(A,C) — > C l3 (A,C), with a corresponding strictly positive eigenfunction 
£ C f3 (A,C). The remainder of the spectrum of : C f3 (A,C) C^(A,C) 
is contained in a disc of radius strictly less than Ay, . 

When ijj £ C^(A, C) is real valued we define the pressure of ip, P(ip) to be 
log A^,. Furthermore, 

P(^) = sup|^(T) + y^d/xJ, (5) 

where the supremum is taken over all T-invariant probability measures. This 
supremum is uniquely attained by yUy,. 

In the case where ip is complex valued the following theorem holds. 

Theorem 1.10. For ijj = u + iv £ C@(A,C) we have p(Ly,) < e p{u \ wh ere 
p(£y>) denotes the spectral radius of Ly,. If Ly, has an eigenvalue of modulus 
e p (") then it is simple and unique and Ly, = ctML u M~ x , where M is a multi- 
plication operator and a € C, |a| = 1. Furthermore the rest of the spectrum is 
contained in a disc of radius strictly smaller than e ptyW ^ . If Ly, has no eigenval- 
ues of modulus e p (") then the spectral radius of Ly, is strictly less than e p ^ . 
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Suppose L^, has a simple maximal eigenvalue A,/, such that the rest of the 
spectrum is contained in a disc of radius strictly less than |A</,|. We extend 
our definition of pressure by letting e p ^ = X^, P(ip) is then defined by the 
principal branch of the logarithm. 

We require the following result from pertubation theory. 

Proposition 1.11. Let B(V) denote the Banach algebra of bounded linear op- 
erators on a Banach space V . If Lq 6 B(V) has a simple isolated eigenvalue 
Ao with corresponding eigenvector vq then for any e > there exists S > such 
that i/I £ B(V) with \\L — Loll < $ then L has a simple isolated eigenvalue 
X(L) and corresponding eigenvector v(L) with A(Lq) = Xq, v(Lq) = vq and 



L — > X(L). L — > v(L) are analytic for \ \L — Lq\ \ < 5 

for \\L — Lo|| < 8, we have |A(L) — Aq | < e, and spec(L)\{A(L)} C {z 
\z-X \ > e}. 



Moreover, if spec(Lo)\{Ao} is contained in the interior of a circle C centred 
at G C then provided 6 > is sufficiently small, spec(L)\{Ai} will also be 
contained in the interior of C . 

By Proposition 11.111 we can assert that when has a simple maximal 
eigenvalue then P(-) is well defined and analytic on a neighbourhood of ip. 
Finally we require the following result on the derivatives of P(-). 

Proposition 1.12. Let ip, ip € C"(A,C) and ip be real valued. Then 

dP{i) + tip) 



dt 

Furthermore if J <p = then 



t=o 



tpd^. 



d2p ^ + t ^ = l im I /(^)^>0, 

t=0 n-s-oo n 



d 2 t 

with equality if and only if ip is cohomologous to a constant 



2 Zeta functions 

As stated at the end of section 1.2, to prove Theorem ll.6l we shall introduce a 
new class of zeta function. We give details of these functions here. 

Definition 2.1. Suppose T : A — > A is as above and tj) : A — > R is a Holder 
continuous function with P(ip) — 0. Given g : R — y R, we define the g-zeta 
function of regularity a to be 

oo 

Ca, g (s, = Y1 E e s<t > n W + M"W-<** n Wg(ip n (x) - acf> n (x)), 

n—l x:T n x—y 

for all (s, £) € C x R such that this series converges. Here y is an arbitrary 
element of A. 
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Provided g is chosen appropriately, the summation over pre-images of y will 
allow us to write £ Qi g in terms of Ruelle operators. 

The proof of the following lemma is straight forward. 

Lemma 2.2. Suppose <f> £ C&(A, C) and x,y £ P n , there exists > such 
that 

\4> n {x)-cj> n {y)\<K^ 

for all n > 1 . 

The following proposition demonstrates how ( a ^ g can approximate C, 1 ^ for 
certain choices of g. 

Proposition 2.3. Fix £ el, for a £ M 

C£>)<el^ CT -«"%'«'Ca, x >,a (6) 

where xi * s ^ e indicator function on some interval, C > and if^ is as in 
Lemma \2.Si If b — a is sufficiently large, then 



e-^-WD-MCcnM < (7) 

where \i * s ihe indicator function on some interval and D > 0. 

Proof. We begin by rewriting \P n \ a as \P n \ a ~^ a \P n \^ a . Our result then follows 
by an application of (jj), Lemma ?Z7Zl the Mean Value Theorem and the bounds 
a|-^nl Q ^ A'vCn) — b\In\ a - The property that b — a is sufficiently large ensures 
that the interval on which \2 is the indicator function is well defined. □ 

In our later analysis £ will be a unique value depending on a. When £ is 
this unique value we can prove divergence results for Ca,g('iQt f° r a class of g. 
These results will then be used to prove Theorem 1 1.61 

2.1 Convergence and analyticity of ( a>g and Cj^ 

In what follows we assume g is a C°° function in L 1 (]R) whose Fourier transform 

/oo 
g{x)e tbt dx, 
-oo 

is compactly supported and g(0) ^ 0. Intuitively, we think of g as an approxi- 
mation to the indicator functions given in Proposition ^. 31 However, we choose 
g to ensure that £ aiS has good analytic properties. 

We now observe how £ Q!S can be expressed in terms of Ruelle operators. By 
the Fourier inversion formula 

i r°° °° 

C )ff («,0 = — / e a * n W + W n M- an ^ +i ^ n W- a ^ x » dt. 

11 n=lx:T n x=y 

(8) 

Recalling Definition 11.81 we observe that 

^ poo oo 

C«,9( S .0 = ^-/ 3(-i)E L "0+«W-a0)+ l t( 1 >-a0) 1 (2/)*- ( 9 ) 
z7r J-oo i 
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For ease of exposition we let L s ^ + ^_ a ^ +it ^_ a ^ = L s ^ >t and P(scf) + £(ip - 
oc(j))+it(il)—a<j))) = P(s, £, t) when L s ,g,t has a simple maximal eigenvalue. More- 
over, we denote the projection onto the eigenspace corresponding to e p ^ s, ^ ,t ' by 
7r Sj £ jt and the complementary projection by 7r£ ^ t . 

Fix (el, P(S(f> + £(ip — a<t>)) is strictly decreasing as a function of 8 and 
lim^ 

±00 P{S(j> + — acj))) — ^00. It follows that we can define a function 
<5 a (£) implicitly via the equation P (8 a (£)<]) + £,(ip — ct<j>)) = 0. Furthermore S a (£) 
is analytic. This function will be important in determining the domains of 
convergence and analyticity of £ Qjff and (a . We denote the Gibbs measure of 

+ - by t*s,a- 

Proposition 2.4. Fix £ G R, Ca,g{s,0 is analytic on {s S C : Re(s) > 8 a (£)}. 

Proof. If p(L s £ : i) < 1) then for n sufficiently large, L^^ t l(y) = 0(9 n ), for 
some 9 < 1. It follows from ([9]) that if p(L s ^j) < 1 for all i £ supp(<?), then 
Ca,s(s,£) converges. By TheoremOUl p(L s ^tj < e p ^ s ^'°\ If Re(s) > 5 a (£) 
then e^^W'^' ^ < 1, therefore £ a 9 (s,£) converges and is analytic on {s G C : 
Re(s) > □ 

Corollary 2.5. (a' 1 ' (s) is analytic on {s G C : Re(s) > inf^gR 8 a (^)}. 

Proof. Let £ G R and xi be the indicator function given in We can pick g 
of the above form such that g(x) > Xi( x ) f° r an £ G R- Therefore, ( a , g (&,£,) > 
Ca,xi (c> £) fo r c G R, an application of Propositions 12.31 and 12.41 implies that 
Ca* ( s ) is analytic on {s G C : Re(s) > 5 a (£)}- Since £ was arbitrary our result 
follows. 

□ 



3 Analysis of £ a 5 and a proof of Theorem 11.6 



In this section we analyse £ a<g and prove Theorem 11.61 Our main results for 
Ca,g are Theorems 13. II and 13.21 Theorem 13.21 will be used to prove Theorem ll.6l 

Theorem 3.1. Let »6l and £ be fixed. Ifv<fi fails to satisfy a certain cohomo- 
logical equation depending on a, then Ca,g( s t£) extends to an analytic function 
on a neighbourhood of 8 a (£) + iv. 

Theorem 3.2. Suppose T and /i^ satisfy Condition A and a is such that G 
int(I Q ). If v<fi satisfies a certain cohomological equation depending on a, then 
there exists a unique £ depending on a such that for s in a neighbourhood of 
8 a + iv with Re(s) > 8 a 

Ca, S M = 7 CV{S \ W2 +/(*), 

(s — iv — d a ) L ' z 

where c v (s) is analytic on a neighbourhood of 8 a + iv and /(s) is continuous on 
{s G C : Re(s) > 8 a }. 

More precise statements will be given in Theorems 13.51 and 13.61 We remark 
that in Theorem l3.1l we do not require Condition A. As we will see, Condition A 
gives a useful added structure to the solution set of the cohomological equation 
mentioned above. When v<j> fails to satisfy the cohomological equation the 
solution set is empty and the added structure is irrelevant. When v — our 
cohomological equation will always be satisfied and Theorem 13.21 will apply. 
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3.1 Spectral properties of Ls a (g\+i V £ t t 

Here we prove several technical results for the operator Lg a ^ +iv ^ t . These re- 
sults will be used in the proofs of Theorems 13.11 and 13.21 

As a consequence of Theorem II .101 £tf a (£)+»i;,£,t has spectral radius equal to 
one if and only if v<j> +t(tp — acj>) is cohomologous to a function of the form $ + b, 
where $ £ C(A, 2irZ) and dgl. In this case, £<5 Q (£)+iu,£,t has a simple maximal 
eigenvalue e lb . In what follows we fix $ as an element of C(A, 27rZ). It is clear 
that for a given point 5 a (£) + iv, the question of whether Ca,g(^a(C) + 
converges depends on the cohomology properties of v<j>. To analyse this in more 
detail we introduce the following sets 

S a = {t £ K : t(ip — a<t>) is cohomologous to some $ + b, where b £ M.} 

S a .o — {t £ R : t(ip — ct(f») is cohomologous to some $} 

S a = {t £ M. : v<fi + t(ijj — acj)) is cohomologous to some $ + b, where b £ R} 

S a0 — {t £ R : v(f> + t(ip — acj)) is cohomologous to some . 

We remark that S a is an additive group and S a fi is a subgroup of S a . For 
a given v suppose vcj) + T(ip — a<f>) is cohomologous to a function of the form 
$ + b, for some r £ M, then = r + 5 a . Similarly, suppose vcj) +T , { r tp — acj)) 
is cohomologous to a function then S a = r' + S a ,o- Understanding the 
structure of the groups 5 a and S a ,o will allow us to determine how behaves 
around points where p(Ls a (£)+iv,£,t) — 1> f° r some t £ supp(g). The following 
technical results determine some added structure for the groups S a and S^o- 
This added structure is necessary for our later analysis. 

Proposition 3.3. S a is closed. 

Proof. Let t* be a limit point of S a , it suffices to show that p(A5 a (o),o,t*) = 1- 
Suppose p{Ls a (o)fi,f) < 1, by the spectral radius formula linin^oo (o)ot*ll 1//n ^ 
1. Take iV sufficiently large such that ^ t » W 1 ^ < 1, by continuity there 
exists a neighbourhood U of t* such that ^ 1 1| X / N < 1, for all t £ U. Since 
t* is a limit point of S a there exists i' £ S a U. Applying the spectral radius 
formula to Lf a (o),o,tf we deduce that p(i,5 a (o),o,t') < 1, a contradiction. □ 

Proposition 3.4. Suppose T and fu, satisfy Condition A. Then for all a £ 1Z 
S a fi * s a discrete subgroup o/R. 

Proof. Fix a £ TZ. By standard results on additive subgroups of R, S^o is 
dense in M or discrete. It suffices to show that we can obtain a contradiction 
if we assume S a fi is dense. Take t £ S ai o, then for x such that T n (x) = x we 
have t(ij) — acf>) n (x) — Q n (x). By the density of S a ,o we can take t\ arbitrarily 
close to t such that ti(ip - a<f)) n (x) = $?(a;), for some $i e C(A, 27rZ). By a 
continuity argument, for ii sufficiently close to t, = & n (x), and therefore 

(ii — t)(ij> — a<t>) n {x) = 0. This implies that (i/j — acj>) n (x) = for all x such 
that T n (x) = x. A theorem of Livsic [TU] states that two function / and g are 
cohomologous if and only if f n (x) — g n (x) for all x such that T n (x) = x . 
Therefore ip — acj) is cohomologous to zero which contradicts Condition A. □ 
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3.2 The analytic domain of ( ag 

We would like to determine the behaviour of ( a , g {s,t;) along the line Re(s) = 
<5 a (£). More specifically, for which points does this function converge and where 
does it have an analytic extension. The following theorem characterises those 
points where we can have an analytic extension. 

Theorem 3.5. Suppose supp(g) H = 0, then Ca.g( s :£) converges at s — 
<5a(£) + iv and Ca,g(s,t;) extends to an analytic function on a neighbourhood of 
S a (0 + iv. 

Proof. By our previous remarks and standard results on additive subgroups of 
R, S% is discrete or dense in R. By Proposition 13.31 D supp(g) is equal to 
supp(g) or some finite set. 

Case 1. ("1 supp(g) = supp(.g). 

In this case we can assert the existence of a simple maximal eigenvalue for 
LsafO+iv ,£,< f° r t £ SU PP($)- By Proposition II . 1 ll we can assert the existence 
of a neighbourhood Ng a ^- )+iv of <5 Q (£) + iv such that, for all s e Ns a ^ +iv and 
t £ supp(g), L S £ tt has a simple maximal eigenvalue e p ^ s ^^ and e p ( s,, »'*) ^ 1. 
We rewrite © as 

1 r°° °° 
0,0=5= / ^,t^,e,*(i)(y)^ 

Z7F -/-oo n=l 

We may assume that Tt s ,(,,t and ir^ * t are analytic on for all i 6 supp(<?). 

For s G C such that Re(s) > 6 a (£) we can rewrite the first of these integrals as 

1 [°° g(-t)e p ^n Stitt (l)(yl dt 



2ir J_ 00 1 - e-PO^*) 

For all s e ^5 a (()+iv an d £ £ supp(g), e F ^ s '^'^ 1, it follows by a simple 
argument that this expression converges and is analytic on N$u) + i V . 

To conclude this case it remains to show that our second integral has an 
analytic extension on a neighbourhood of <5 Q (£) + iv. We can construct a neigh- 
bourhood oi8 a (£) + iv such that for all s in this neighbourhood and t 6 supp(<?), 
p(L s ^j\tt c 5 1 ) < 1- This property ensures convergence, by considering smaller 
neighbourhoods we can prove analyticity. 

Case 2. S^n supp(g) is finite. 

Let S% n supp(g) = {Tj}jL 1: we can rewrite ^ as 

Ca, 9 («,o = ozE / §(-*)£ ^ax^ 

j^l^Tj-t n=l 
1 /" °° 
Z7r J(-oo,oo)\U^ = i(r ? -e,r ;/ +6) „ =1 
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for e some small positive constant. The analysis of the first term reduces to 
that given in Case 1. The existence of an analytic extension for the second term 
follows from the fact that p(Ls a ^ +iv ^^ t ) < 1 for all t G supp(g) \ Uj=i( T j ~ 
e,Tj + e). " □ 

3.3 Divergence results for ( a g 

We now consider what happens in the case where T and fj,^ satisfy Condition A, 
G int(I a ) and supp(g) n S^ ^ 0. Our main result is the following Theorem. 

Theorem 3.6. Suppose T and fi^p satisfy Condition A, £ int(I Q ) and supp(g)(~l 
5^.0 7^ 0- Then there exists a unique value of ( depending on a, such that for s 
in a neighbourhood of 5 a + iv with Rc(s) > 5 a we can rewrite ( Q ,g(s,() as 

0,0 = 7 Cv(S \ wa 

(s — iv — o a ) L ' z 

where c v (s) is analytic on a neighbourhood of 6 a + iv and /(s) is continuous on 
{s : Re(s) > S a }. 

The following lemma defines the unique ( mentioned in Theorem 13.61 

Lemma 3.7. Suppose T and /i,p satisfy Condition A and a is such that G 
int(X Q ). Then there exists a unique (el depending on a, such that J ip — 
a<fidii£ ia = 0. 

Proof. Differentiating P(5 a (t;)(p + £(ip — a<p)) = with respect to ( yields 

<>'a(£) J <t>dli£, a + J ' ip - a(pd[i^ a = 0. 

For all fi, f (pdfi < 0, therefore J ip — a(pd^ y0l = if and only if 5' a (£,) = 0. It 
suffices to show that 5 a (t;) has a unique critical point. By ((5]) 

-tfjj-a^dn-h^T) 
J <pdfi 

holds for T-invariant probability measure \i. Clearly there exists /z_ and /z+ 
such that J ip — a<pd[i- < and J ip — ct(pdfx+ > 0, hence <5 Q (() — > oo as 
|(| — > oo. By the Mean Value Theorem there exists ( such that 5^(() = 0. The 
uniqueness of ( follows by a convexity argument. □ 

In what follows we shall denote this unique value of ( by ( a . It follows from 
Theorem 21.1 in [T2] that when T and fj,^ satisfy Condition A and G int(I Q ), 

<M(a) = S a and P(5 a (p + £ a (ip - <*</>)) = 0. 

This statement will be important in our later analysis. It makes clear the depen- 
dence of the domain of convergence of ( Q: g(-,( Q ) on the multifractal properties 
of A and /i^. 

The proof of Theorem 13.61 will consist of reducing ( a ,g(s,( Q ) to the sum of 
two functions, one that is well behaved in a neighbourhood of 5 a + iv and one 
that will dictate the behaviour of ( Q ,g(s,( Q ) at S a + iv yet can be analysed 
explicitly. These functions are denned in Propositions 13.81 and [ 
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Proposition 3.8. Suppose T and ji^ satisfy Condition A, G int(Ia,) ; supp(g)n 
o / ^ an d 6 * s some small positive constant. Then for s in a neighbourhood 
of S a + iv with Re(s) > 5 a we can write Ca, g(s>£<*) as 

where f is analytic on a neighbourhood of S a + iv. 

Proof. By Proposition 13.41 suppfa) D S^ is some finite set {Tj}JL 1 . By Propo- 
sition [TTTTl there exists e > such that L s ^ att has a simple maximal eigenvalue 
for all s in a neighbourhood of S a + iv and t G Ujli( r J — e i T j + e )- Taking 
projections we can rewrite © as 



1 m /" r j + e 



rr?+< 



^ E / ft-*) E ^X^.tMCy) rfi 

. oo 
-WT Jf-oo.oolVI |m ,f T? _ e , r?+e 1 



'(-oo,oo)\UJLi(7j-£,tJ +e) 

for s with Re(s) > J Q . Repeating the proof of Theorem 13.51 we can deduce the 
analyticity of our latter terms. □ 



By Proposition II. 121 

dP(8 a ,£ a ,0) 
ds 



j <t>dfi£ a>a ^ 0, 



applying the Implicit Function Theorem we can assert the existence of an 
analytic complex valued function s a (z) defined locally around such that, 
P(s a (z),£ a ,z) = and s a (0) = S a . 

Proposition 3.9. Suppose T and (j,^ satisfy Condition A, G int(X a ), supp(g)n 
SJ 7^ and e is some small positive constant. Then for s in a neighbourhood 
of 5 a + iv with Re(s) > 5 a we can write Ca,g( s ,^ a ) as 

, , f , 1 ^ f g^t-r^-^^n s ^, t+Tl (l)(y)h(t) 

c - s(s ' u = E J_ e s ~ lv -s a (t) dt + /(s) ' 

where f is analytic in a neighbourhood of S a + iv and h is analytic on a neigh- 
bourhood of zero. 



Proof. By Proposition 13 . 81 it is sufficient to express 

j = l r i 

in the above form. We know that vcf> + rj (ip — a<fi) is cohomologous to a function 
valued in 27rZ. The spectrum of the Ruelle operator is invariant under addi- 
tion of a coboundary, therefore for s in a neighbourhood of 6 a + iv and i in a 
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neighbourhood of rj, e p ^«'^ = e n^,e, a ,t-r]) _ Substituting this into JTDJ) 
and applying a simple change of coordinates we obtain 

1 ™ r« ffH-r;) e p (- to 'C- t )7r., Ca , t+T/ (l)( V ) 
— > / -ft, — ■ r r: 2 <it. (11) 

For the rest of the proof we let e p ^ s '^ Q,t ' = X(s,t). Fixing t and treating 
1 — X(s — iv, t) as a function of s we take the Taylor series around the point 
s a (t) to obtain 

1 - X(s - iv, t) = 1 - X(s a (t),t) - 9A(i ° (t) ' f) ( S - iv - « Q (t)) 

OS 

1 <9 2 A(s Q (i), t) . , . . . o TT , , 

-(s — iv — s a (t)) + Higher order terms. 



2 ds 2 



We rewrite this as 



1 - A(s - iv,t) = _ aA ( s "W'*) ( s _ zt; _ s r t )) _ Z(s,t)(s - iv - sjt)), 

OS 

where 

, /l d 2 X(s a (t),t) , . .. TT . , , \ 

Z(s, t) = ^- ^-"2 (s — iv — s a (t)) + Higher order terms J . 

By Proposition 11.121 3x ( s °( )-°) = j tf>d(i£ ata ^ 0, by continuity there exists a 

complex neig hbourhood U of such that aA(s ^ z) - z) ^ 0, for all zeU.lt follows 
that 

h[z) = ( dX{s^U) y^ (l2) 

is well defined and analytic on U. Without loss of generality we can assume 
that e is sufficiently small such that h(t) is well defined for all t G [— e, e]. We 
observe that 

1 h(t) 



1 - X(s - iv, t) (s - iv - s a (t))(l - Z(s, t)h(t)) 

h(t) h{t) 



(s-iv- s a (t))(l - Z(s, t)h(t)) (s-iv- s a (t)) 
h{t) 

(s - iv - s a (t)) 

Z(s,t)h(t) 2 h(t) 



(s — iv — s a (t))(l — Z(s, t)h(t)) (s — iv — s a (t)) 
Substituting this into ([lip we obtain 

1 ^ f e 9(-t-Tj)e p ^- iv ^^Tr sAa , t+T v(l)(y)h(t) 
— y / — — at 

2lT ~[J~t s-iv-s a (t) 

l_ - p g(-t-r])e p ( s -™ ^ir s ^ t+T »(l)(y)Z( S ,t)h{t) 2 
+ 2nf^J_ £ (s-iv-s a (t))(l-Z(s,t)h(t)) L 

The latter integral is analytic on a neighbourhood of S a + iv so we can conclude 
our result. □ 
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As stated before Proposition 13.81 to prove Theorem 13.61 we shall express 
Cq,s( s 7?q) as the sum of two functions. One that is well behaved in a neigh- 
bourhood of 5 a + iv and one that will dictate the behaviour of Ca,g( s i£a) &t 
5 a + iv yet can be analysed explicitly. The function 

— > / "TT - dt (13) 

2lT j~lJ-c s-iv-s a [t) 

as we shall see, can be analysed explicitly. 
3.3.1 Properties of s a (t) 

Before continuing our analysis of (|13[) we have to prove several technical results 
for the function s a (t). 

Lemma 3.10. 1. Re(s a (t)) is an even junction and Im(s a (t)) is an odd 





function. 




2. 


9Rc(s»(0)) 


= 0. 


dt 


3. 


9 2 Im( Scl (0)) 


= 


at 2 


4- 


9Im(s Q (0)) 


= 0. 


dt 


5. 


9 2 Ro(s Q (0)) 


< 


d'H 



Proof. Duplicating the analysis given in [T3] we can prove the first three state- 
ments. Moreover, the following equalities hold 

Re(*a(*)) - ~(«a(*) + *a(-*)) 



and 



i 

\m(s a {t)) = --(s a (t) - s a (-t)). 



We observe that mm( |° (0)) = -is' a (Q). We have the relation P(s a (t),£ a ,t) = 0, 



dt 

hence by implicit differentiation 



^ + ^ = 0. (14) 

ds dt dt { ' 

At t = 

s a(°) J </>dH£ a ,a + i J ^ - acj)dfj, iata = 0. 

We remark that J <j>d[i£ a! a 0> therefore by Lemma T3. 71 s' a (0) = 0. To obtain 
an expression for - Rc ^°(°)) we note that 9 Rc ^°(°)) — s^(0). Differentiating 
(|T3]) with respect to t and recalling s' a (0) — we obtain 

, 7m = -1 d 2 P(6 a ^ a ,0) 
Sa( ' Jcbdfi ia , a dt 2 

Recall J ip — a0d/i^ QiQ = 0, it follows from Proposition [T7T2] that 

s ^°) = TTT lim - / M ~ a ^ ^-«- 

J <?ttM«o,a n ^°° n J 
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By Condition A xj) — a<j> is not cohomologous to a zero, so by Proposition II. 121 

at 2 



<(0) < and therefore 9 < 0. 



3.3.2 Proof of Theorem 



□ 



To prove Theorem 13.61 we require the following reformulation of the Morse 
Lemma taken from [S]. 

Lemma 3.11. Let f(x) be a real valued even C°° junction in a neighbourhood 
of in M. d . If is a non- degenerate critical point for f then there exists a local 
coordinate system y = (yi, . . . , yd) in a neighbourhood of such that y(—x) — 

-y{x)(so that in particular, y(0)=0) and f(y) = y 2 -\ ^yt~yl+i V% 

for some < k < d. 

Applying this result to the function Re(s a (f)) — S a we obtain local coordi- 
nates 9 around e K such that 6{-t) = -9{t) and Re(s a {t)) =5 a - 9 2 . The 9 2 
occurs with negative sign since 9 R<^°(o)) < o. It follows that we can rewrite 
P]) as 

f 9±8 ~ T-)e p ^^ s ^ s ^ e+ ^{l){y)h{9)\J{9)\ 

^j^J siX . tA) s-iv-5 a + 9 2 ~ilm{s{9)) d ' ( 5) 

where | J{6)\ denotes the determinant of the Jacobian for this change of coordi- 
nates. 

Duplicating the analysis given in [5] we can prove Theorem l3.6l The function 
c„(s) is given by 

C ^ (-2/0d MCa , Q lim™i/((V-^)«) 2 ^ Q , Q ) 1 /2- ( > 

For ease of exposition we let 

1 

u(ip,<f>,a) 



3.4 Proof of Theorem flTHl 

In the previous section we completed our proof of Theorem 13.61 As stated at 
the start of section 3 this Theorem will be used to prove Theorem 11.61 We are 
now in a position to prove this Theorem. 



Proof of Theorem ] 1.61 Let \i be the indicator function given in Proposition^ 
By Proposition 13.41 S a ,o is a discrete subgroup of M. and is therefore equal to 
kZ for some set. Let g\ be a C°° function in L 1 (R) such that, supp(<fi) C 
[— «/2, k/2], gi(x) > Xi( x ) an( i > 0- In this case supp(<fi) n S a ,o = {0}- 
By Proposition [231 Theorem [3J2 and (ITS]) 



lim sup - 5 a ) 1 ' 2 < inf wty, <f> 7 a)e\ K *^-^C^g\(0)n Sa , ia , o (l)(y). 

It can be shown that KSctcfii 1 ) = h a i>+^- a <i>) > where ft^+^-atf) is 
the normalised strictly positive eigenfunction whose existence is asserted by 
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Proposition 11.91 the positivity of our bound follows. Let \2 be the indicator 
function given in Proposition ^. 31 to finish our proof we proceed in an analogous 
way except we assume that 52(2^) < X2( x )- I n this case we obtain 

snpuj^,^a)e^ K ^~^D-^g 2 (0)7T Sa .^.o(l)(y) < liminf OXa-cy 1 / 2 . 

□ 



4 Exact asymptotics 

The bounds that we derive in our proof of Theorem 11.61 depend on our approx- 
imating function g. If our only assumption on supp(g) was that it was compact 
our bounds would have been of the form 

mi 

inf c^^ei^-^c^i V gi(-Kj)ir6 a ,z a , Kj (l)(y) 
yeA , £ — ' 

J = -mi 

and 

m 2 

su P Lo(^,cb,a)e-^^-^D-^ V g 2 (-Kj)n Sa , a , Kj (l){y), 

yeA 

for some mi and 771-2, where S a fi = kZ. For an improved choice of g these bounds 
improve on those given in Theorem 11.61 However, they still have a dependence 
on g. We now introduce conditions that allow us to obtain bounds for the limits 
in Theorem 11.61 that do not have any dependence on g. 

Definition 4.1. We say that T , fi^ and a satisfy Condition B if for all t =/= 0, 

t(ip — ot(j)) is not cohomologous to a function 

We remark that Condition B implies that ip — acj) is not cohomologous to 
zero and that it is equivalent to S a .o being the trivial group. 

Proposition 4.2. Let x be the indicator function on some interval. Suppose 
T, /i^ and a satisfy Condition B and € int(X a ), then 

for a € R as a 1 S a , and c is given by the formula 

c = ui(ip, (j>, a)x(0)irs a ,^ a ,o(i)(y)- 

This result follows from the proof of Proposition 10 in [Tj5] . Applying Proposition 
14.21 when T, fi^p and a satisfy Condition B and € int^c) we can obtain the 
following bounds for Theorem 11.61 

limsupC£>)(<r-<5 Q ) 1/2 < inf w (7A,0,a)e'^^-«" Q )lc'«°'xT(OK„, CQ ,o(l)(y), 
and when b — a is sufficiently large 

sup W (7/;,0,a)e-l^^-^ Q ^-I^IS(O)7r 5Q , ea ,o(l)(y) < liminf ^((t)^-^) 1 / 2 . 

yeA a\.S a 

Both of which clearly have no dependence on any underlying g. 
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5 Proof of Theorem 11.7 



To prove Theorem 11.71 we do not require the technical results used in the proof 
of Theorem 11.61 and instead adopt a more direct approach. 

Proof of Theorem \1.7\ If ip — a<p is cohomologous to zero then P(a<p) = 0. By 
(fT]) this can only happen when a = 5. By a simple argument if a' ^ 6 and 
ip — 8(f) is cohomologous to zero, then ^ X a i and £ a / is entire by Theorem ll.4l 
It is easily to shown that when ip — 8cf> is cohomologous to zero then 

lim "i — rrf? m = <>> 

n->oo log|j^(a;J| 

for all x £ A. Here denotes the n-th level basic set containing x. Com- 

bining this with the proof of Theorem 4.3 in [3] we obtain Ava\\ oc ^{x) = 5 for 
all x e A. 

Finally, a simple manipulation yields constants K\ , K% > such that 



i I a 



E E i4r>E E k 

n— 1 i n— 1 i 

a|^l 5 <fM-Tj)< b l J jl 5 a K 1 e+°<"'. ) < e *" (l ». , <K 2 e*" |l ".» 

where cc rai is the element of P n such that T n (x ni ) — x ni . If a < 1/K\ and 
l/Ka < b, then 



OC 



E E i4r>EEi4r. 

a|4l <5 <^(4)<&l4l' 5 

The reverse inequality is trivial. The abscissa of convergence of J^Li Si l-^n| s 
is the unique value of a for which 

lim sup V|/;r " =1- 

n— > 00 I 

However, this limit is equal to e p ^ cr ^'\ our result follows from (fTJ). 

□ 

In the case where ip — acp is not cohomologous to zero we could give conditions 
where (a * (<r) grew like c/{a-8 a f' 2 , for some critical value S a and c 6 1. In 
the case where ip — 8cj) is cohomologous to zero it it is natural to ask how does 
Cg * ip) behave as a approaches 5. We shall see in the following example that as 
a approaches S, £g* (a) does not necessarily behave like c/(a — Sa) 1 / 2 . 



Example 5.1. Let A be the middle third cantor set and (1^ be the pushforward 
of tht 
cohort 
large 



of the (i, i) Bernoulli measure. In this case ip — — log2 and ip — jf^§9> ts 
cohomologous to zero. By Theorem \1.7[ for a sufficiently small and b sufficiently 



1 - 2/3 s 



The abscissa of convergence is log 2/ log 3. As a approaches log 2/ log 3, C io g a (a) 

log 3 

does not grow like j——^ — ^Tj — ^1/2 f or some cel. 
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In the case where tp — 8<f> is cohomologous to zero we do not have a general re- 
sult describing how Q* (a) behaves as a approaches the abscissa of convergence. 
The important detail is that the singularities can behave differently depending 
on whether ip — a(f> is cohomologous to zero or not. 

6 Final discussion 

To conclude we discuss the case where is an endpoint of I a . In this section 
we assume that T and /i^p satisfy Condition A. Recall the definition of our 
multifractal zeta function 

oo 

c£*oo = E E i j «i s ' 

n=l i 

a|4l"<^(4)<f>l4l Q! 

where a and b are two positive constants. When ^ I a , (s) is entire for all 
values of a and b. Moreover, in Theorem 11.61 the only condition we have on a 
and b is that b — a be sufficiently large. We now show that in the case where 
is an endpoint of I a we have a greater dependence on a and b. 

Assume a is such that I a = [0, /3] for some (3 > 0. By a similar argument to 
that used in the proof of Proposition 12.31 we can show that 

oo 

(Z*(a)<e K *°Yl E ^'"xMtfW-^W). 

n=l x:T n (x)=x 

where x\c,d] is the the indicator function on the interval [c,d]. The values c and 
d depend on a and b respectively. Taking b sufficiently negative we can assume 
that d < 0. If Ca (c) is non-zero then there exists x such that T n (x) = x and 
i/> n (x) — a(j) n (x) < 0. If p> x ,n is the T-invariant probability measure determined 
by this periodic orbit then J tp — a(j)dfi Xtn < 0, which contradicts our assumption 
that X a — [0, (3\. Therefore if b is sufficiently negative <^a 4 '(s) = 0. Similarly in 
the case where I a = [—/3, 0] we can show that if a is sufficiently positive then 
C^(s)=0. 

The following example makes clear that for certain values of a and b, C,^ 
can still diverge. 

Example 6.1. Let y be such that T(y) = y. Suppose T , fi^, and a are such 
that inf xe \^(x) — a<fi(x) = ip{y) — ct<fi(y) — 0. By considering the T-invariant 
probability measure given by the fixed point y, it is clear that £ I a . Since 
ip — ct(fi > 0, we can deduce that is an endpoint ofI a . We take a and b such 
that the following holds 

oo 

C^(<7)>e-^E E ^XMtfW-afW), 

n=l x:T n (x)=x 

for c < and d > 0. Clearly ip n (y) — a<p n (y) 6 [c, d] for all n > 1 and therefore 
Ca (f) will diverge for some a > 0. 

By the above discussion it is clear that when is an endpoint of I a the 
question of whether diverges or converges has a greater dependence on our 
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values a and b. We can not hope to obtain results of the same generality as that 
given in Theorems ll.4l and ll.6l Therefore with our current techniques we do not 
expect to be able to prove a general result in the case where is an endpoint of 

T 
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